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Abstract
Let [n; k; d]q-codes be linear codes of length n, dimension k and minimum Hamming distance
d over GF(q). In this paper, 32 new codes over GF(5) are constructed and the nonexistence of
51 codes is proved.
c© 2003 Elsevier B.V. All rights reserved.
Keywords: Linear codes over GF(5); Quasi-cyclic codes; Quasi-twisted codes; Linear programming bound
1. Introduction
Let GF(q) denote the Galois ;eld of q elements, and let V (n; q) denote the vector
space of all ordered n-tuples over GF(q).
A linear code C of length n and dimension k over GF(q) is a k-dimensional subspace
of V (n; q). Such a code is called an [n; k; d]q-code if its minimum Hamming distance
is d.
A central problem in coding theory is that of optimizing one of the parameters n; k
and d for given values of the other two. Two versions are:
Problem 1. Find dq(n; k), the largest value of d for which there exists an [n; k; d]q-code.
Problem 2. Find nq(k; d), the smallest value of n for which there exists an [n; k; d]q-
code.
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A code which achieves one of these two values is called optimal.
For the case of linear codes over GF(5), Problem 2 has been solved for k6 3 (see
[11]). In addition, n5(4; d) has been solved for all but 22 values of d in [3]. After
[17–19,22,23,31] there are eight unsolved cases in this dimension. In [7], 44 new linear
codes over GF(5) were constructed, the nonexistence of 20 linear codes was proven,
and a table of d5(n; k); k6 8; n6 100 was presented. Eight new quasi-cyclic (QC)
linear codes are constructed and the nonexistence of six codes is proved in [6]. Many
new codes are also given in [27,28].
2. Preliminary results
The well-known lower bound for nq(k; d) is the Griesmer bound







(x denotes the smallest integer ¿ x).
Theorem 1 (MacWilliams and Sloane [20]) (the MacWilliams’ identities). Let C be
an [n; k; d]5-code and Ai and Bi denote the number of codewords of weight i in the
code C and in its dual code C⊥, respectively. Then
n∑
i=0














are the Krawtchouk polynomials.
The following three lemmas are standard results and are often used in the nonexis-
tence proofs of linear codes. The proofs of the lemmas can be found in [13].
Lemma 1. For an [n; k; d]5-code Bi = 0 for each value of i (where 16 i6 k) such
that there does not exist an [n− i; k − i + 1; d]5-code.
Denition. Let C be an [n; k; d]q-code with generator matrix G and let c be a row of
G. The residual code of C with respect to c is the code generated by the restriction
of G to the columns where c has a zero entry. The residual code of C with respect to
c is denoted Res(C; c) or Res(C; w) if the weight of c is w (wt(c) = w).
Lemma 2. Let C be an [n; k; d]5-code and c∈C, wt(c)=w and (q− 1)w¡qd. Then
Res(C; w) has parameters [n− w; k − 1; d◦]5, where d◦¿d− w + w=5.
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Lemma 3. Let C be an [n; k; d]5-code with k¿ 2. Then (a) Ai = 0 or 4 for i¿
(5n− 4d)=2, (b) If Ai = 4, then Aj = 0 for j + i¿ 5n− 4d and i = j.
2.1. The linear programming bound
The weight enumerator of an [n; k; d]q-code C is a feasible solution of the following
linear program (LP):







Kt(i):Ai =−Kt(0); t = 1; : : : ; d⊥ − 1;
n∑
i=d
Kt(i):Ai¿− Kt(0); t = d⊥; : : : ; n;
Ai¿ 0; i = d; : : : ; n;
Ai = 0; i∈ I (the set of absent weights):
It is clear now that if Lmax ¡qk , then the code C does not exist.
2.2. Quasi-twisted codes
A code C is said to be quasi-twisted (p-QT or QT) if a constacyclic shift of a
codeword by p positions results in another codeword. A constacyclic shift of an m-tuple
(x0; x1; : : : ; xm−1) is the m-tuple (xm−1; x0; : : : ; xm−2); ∈GF(q) \ {0}.





b0 b1 b2 · · · bm−2 bm−1
bm−1 b0 b1 · · · bm−3 bm−2










where ∈GF(q) \ {0} is called a twistulant matrix. A class of QT codes can be
constructed from m×m twistulant matrices (with a suitable permutation of coordinates).
In this case, the generator matrix, G, can be represented as
G = [B1; B2; : : : ; Bp]; (2)
where Bi is a twistulant matrix.
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The algebra of m × m twistulant matrices over GF(q) is isomorphic to the alge-
bra of polynomials in the ring GF(q)[x]=(xm − ) if B is mapped onto the poly-
nomial, d(x) = b0 + b1x + b2x2 + · · · + bm−1xm−1, formed from the entries in the
;rst row of B. The di(x) associated with a QT code are called the de6ning polyno-
mials [10,12]. If  = 1, we obtain the algebra of m × m circulant matrices [20], and
a subclass of quasi-cyclic codes (QC). If p = 1 then we obtain codes, which we call
twisted codes (T). If =1 and p=1 then we obtain a subclass of well-known cyclic
codes (C).
If the de;ning polynomials di(x) contain a common factor which is also a factor of
xm − , then the QT code is called degenerate [10,12]. The dimension k of the QT
code is equal to the degree of h(x), where [25]
h(x) =
xm − 
gcd(xm − ; d1(x); d2(x); : : : ; dp(x)) : (3)
If the polynomial h(x) has degree m, the dimension of the code is m, and (2) is
a generator matrix. If deg(h(x)) = k ¡m, a generator matrix for the code can be
constructed by deleting m− k rows of (2).
Let the de;ning polynomials of the code C be in the form
d1(x) = g(x); d2(x) = f2(x)g(x); : : : ; dp(x) = fp(x)g(x); (4)
where g(x)|(xm − ); g(x); fi(x)∈GF(q)[x]=(xm − ); (fi(x); (xm − )=g(x)) = 1 and
degfi(x)¡m−deg g(x) for all 16 i6p. Then C is a degenerate QT code, which is
one-generator QT code (see [1]). In the following two theorems the structural properties
and a BCH-type bound on minimum distance for QT codes are given.
Theorem 2 (Aydin et al. [1]). Let C be a one-generator p-QT code over GF(q) of
length n=pm. Then, a generator g(x)∈ (GF(q)[x]=(xm− )p) of C has the following
form:
g(x) = (f1(x)g1(x); f2(x)g2(x); : : : ; fp(x)gp(x));
where gi(x)|(xm − ) and (fi(x); (xm − a)=gi(x)) = 1 for all 16 i6p.
Theorem 3 (Aydin et al. [1]). Let C be a one-generator p-QT code over GF(q) of
length n= pm with a generator of the form
g(x) = (f1(x)g(x); f2(x)g(x); : : : ; fp(x)g(x));
where g(x)|(xm − ); g(x); fi(x)∈GF(q)[x]=(xm − ) and (fi(x); (xm − )=g(x)) = 1
for all 16 i6p. Let also " be a root of xm − . Then p:(d+ 1)6dmin(C), where
{"1+ir : s6 i6 s+(d−1)} are among the zeros of g(x) for some integers s; d(d¿ 0)
and the dimension of C is equal to m− deg g(x).
Quasi-twisted (QT) codes [12] form an important class of linear codes which are a
natural generalization of the QC codes. QT codes were ;rst de;ned by Berlekamp [2]
as constacyclic codes, and has been rediscovered and investigated in [14–16,21,24,25].
The investigation of QT codes is motivated by the following facts: QT codes meet a
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modi;ed version of Gilbert–Varshamov bound [5]; some of the best quadratic residue
codes and Pless symmetry codes are QT codes [20]; a large number of record breaking
codes (and optimal codes) are QT codes [4]; there is a link between QC codes and
convolutional codes [9,29].
In this paper, new QC and new one-generator QT codes (p=1 or 2) are con-
structed using a nonexhaustive algebraic-combinatorial computer search, similar to that
in [1,6,7,26]. The nonexistence of many linear codes is also proven. All of the re-
sults given in the paper improve the respective lower and upper bounds in Brouwer’s
tables [4].
3. Bounds on minimum distance
3.1. Lower bounds
3.1.1. The new QC codes
Theorem 4. There exist QC codes with parameters:
[33; 11; 15]5; [44; 11; 23]5; [55; 11; 30]5; [77; 11; 46]5;
[88; 11; 53]5; [99; 11; 61]5; [52; 13; 26]5; [65; 13; 35]5:
Proof. The coeLcients of the de;ning polynomials and the weight distributions of the
new codes are as follows:




2. A [44; 11; 23]5-code:




3. A [55; 11; 30]5-code:




4. A [77; 11; 46]5-code:
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5. A [88; 11; 53]5-code:






6. A [99; 11; 61]5-code:
00114234011; 00001141434; 00101241113; 00014311142; 00001333412,





7. A [52; 13; 26]5-code:





8. A [65; 13; 35]5-code:





3.1.2. The new one-generator QC codes
In this section we present 14 new one-generator QC codes. For construction method
and structural properties of such codes see [8,26].
Theorem 5. There exist one-generator QC codes with parameters:
[42; 13; 19]5; [42; 14; 18]5; [42; 15; 16]5; [48; 8; 30]5; [48; 11; 26]5;
[48; 13; 23]5; [48; 14; 22]5; [48; 15; 21]5; [52; 12; 27]5; [62; 9; 39]5;
[62; 15; 31]5; [78; 12; 45]5; [78; 13; 44]5; [78; 14; 43]5:
Proof. The coeLcients of the de;ning polynomials and the weight distributions of the
new codes are as follows. The ;rst de;ning polynomial is d1(x)=g(x) and the second
de;ning polynomial is d2(x) = g(x):f2(x).
9. A [42; 13; 19]5-code:
123333321000000000000; 440400412121121000000;
011918482039482115792225115623172704245271002515043562639879002795458442820469456
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29395976003068707464311057601163214556318033176554476341868590083517116310436133339500
37862470843845269364391851494440562825241110569242113236
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3.1.3. The new one-generator QT codes
We have restricted our search to one-generator QT codes with de;ning polynomials
in form (4). In most cases we have taken p = 2. The main aim in our search is to
;nd good g(x); i.e. g(x) which gives better minimum distance. When choosing g(x) we
have compared the minimum distance of the respective twisted code with the minimum
distance of the best known code (table of A.E. Brouwer) and with the given m and
g(x) we search for fi(x). Depending of the degree of g(x); we obtain improvements
on minimum distances for some dimensions (Table 1).
We illustrate the search method by the following example. Let m = 28;  = 4 and
q = 5. Then the gcd(m; q) = 1 and the splitting ;eld of xm −  is GF(ql) where
l is the smallest integer such that m:r|(ql − 1), r being the order of  in GF(q).
Let " be a primitive m:rth root of unity and de;ne an integer i0 such that "mi0 = .
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Table 1
Minimum distances of the new linear codes over GF(5).
Code d dbr Code d dbr Code d dbr
[33; 11] 15 14 [42; 14] 18 17 [62; 9] 39 38
[44; 11] 23 22 [42; 15] 16 15 [62; 13] 33 32
[55; 11] 30 29 [48; 8] 30 29 [62; 15] 31 29
[77; 11] 46 45 [48; 11] 26 24 [71; 15] 37 35
[88; 11] 53 52 [48; 13] 23 21 [78; 12] 45 44
[99; 11] 61 60 [48; 14] 22 21 [78; 13] 44 43
[39; 13] 18 16 [48; 15] 21 20 [78; 14] 43 41
[42; 13] 19 18 [52; 12] 27 25 [87; 14] 48 47
[52; 13] 26 25 [52; 14] 24 23 [87; 15] 47 46
[65; 13] 35 33 [56; 12] 30 28 [104; 12] 64 63






In our case l = 6; r = 2; i0 = 1 and p(x) = x6 + 2x5 + 2x4 + 4x3 + 2x + 3 is a
primitive polynomial of degree 6 over GF(5). Let % be a root of p(x); which is a
primitive (56−1)th root of unity and & be a 28th root of =4. Then "=%279; &=%279,
and so " = &. The set of integers of the type i0 + rj for j = 0; 1; : : : ; 27 is the set
M = {1; 3; 5; 7; 9; : : : ; 55}. The set M is partitioned into the next six cyclotomic cosets
of 5mod 56.
cl(1) = {1; 5; 9; 13; 25; 45};
cl(3) = {3; 15; 19; 23; 27; 39};
cl(7) = {7; 35};
cl(11) = {11; 31; 43; 47; 51; 55};
cl(17) = {17; 29; 33; 37; 41; 53};
cl(21) = {21; 49}:
Let T = cl(3) ∪ cl(7) ∪ cl(17) ∪ cl(21). According to Theorem 3 this set has eight





(x − &i) = x16 + 2x15 + 2x14 + 4x13 + 4x12 + 2x9 + x8 + 2x7
+ 4x4 + 4x3 + 2x2 + 2x + 1;
106 R. Daskalov et al. / Discrete Mathematics 275 (2004) 97–110
we obtain twisted [28; 12; 9]5-code. (The best-known code is a [28; 12; 12]5-code.) After
that we make search for f2(x). With
f2(x) = x12+3x11+2x10+x9+3x8+2x7+3x6+2x5+3x4+x3+2x2+3x + 1
we ;nd a new [56; 12; 29]5-code.
Now, we present the new one-generator QT codes (= 4).
Theorem 6. There exist one-generator QT codes with parameters:
[39; 13; 18]5; [39; 14; 16]5; [52; 14; 24]5; [56; 12; 30]5; [56; 14; 27]5;
[62; 13; 33]5; [71; 15; 37]5; [87; 14; 48]5; [87; 15; 47]5; [104; 12; 64]5:
Proof. The coeLcients of the de;ning polynomials and the weight distributions of the
new codes are as follows. The ;rst de;ning polynomial is d1(x)=g(x) and the second
de;ning polynomial is d2(x) = g(x):f2(x).
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Theorem 7. d5(124; 5)6 97.
Proof. Suppose there exists a [g5(5; 98) = 124; 5; 98]5-code C. By Lemma 1 and the
Griesmer bound B1=B2=B3=0. By Lemma 2 and [4] only A98; A99; A100; A121; A122; A123
and A124 can be nonzero.
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The ;rst four MacWilliams’ identities are:
e0 : A98 + A99 + A100 + A121 + A122 + A123 + A124 = 3124.
e1 : 6:A98 + A99 − 4:A100 − 109:A121 − 114:A122 − 119:A123 − 124:A124 =−496.
e2 : −239:A98 − 249:A99 − 234:A100 + 5856:A121 + 6421:A122 + 7011:A123
+7626:A124 =−122016.
e3 : −984:A98 + 251:A99 + 1436:A100 − 206604:A121 − 238144:A122 − 272609:A123−
310124:A124 =−19847936.
Calculating the following linear combination (−25972:e0−784:e1−116:e2−3:e3)=125
we get 11:A99 + 264:A122 + 575:A123 + 936:A124 = −56400, a contradiction. So a
[124; 5; 98]5-code does not exist.
Theorem 8. d5(106; 5)6 82.
Proof. Suppose there exists a [g5(5; 83) = 106; 5; 83]5-code C. By Lemma 1 and the
Griesmer bound B1 =B2 =B3 =0. By Lemma 2 and [4] only A83; A84; A85; A90; A94; A95;
A100; A103; A104; A105 and A106 can be nonzero. By Lemma 3 A100; A103; A104; A105 and
A106 are 0 or 4.
The ;rst four MacWilliams’ identities are:
e0 : A83 + A84 + A85 + A90 + A94 + A95 + A100 + A103 + A104 + A105 + A106 = 3124.
e1 : 9:A83 + 4:A84 − A85 − 26:A90 − 46:A94 − 51:A95 − 76:A100 − 91:A103 − 96:A104−
101:A105 − 106:A106 =−424.
e2 : −185:A83 − 210:A84 − 210:A85 + 165:A90 + 915:A94 + 1165:A95 + 2790:A100+
4065:A103 + 4540:A104 + 5040:A105 + 5565:A106 =−89040.
e3 : −1445:A83−420:A84 +630:A85 +1880:A90−9420:A94−14995:A95−65620:A100−
118695:A103 − 140920:A104 − 165620:A105 − 192920:A106 =−12346880.
Calculating the linear combination (772:e0 + 101:e1 + 22:e2=5 + 3:e3=5)=25 we get
a1 : 5:A85 − 220:A94 − 330:A95 − 1360:A100 − 2470:A103 − 2940:A104
−3465:A105 − 4048:A106 =−217240:
By Lemma 3(a) A106 and A105 are 0 or 4. If A106 or A105 is equal to 4 then using
Lemma 3(b) and equation a1 we obtain that A85¡ 0, a contradiction. So A106=A105=0.
Calculating the next two linear combinations (1092:e0+126:e1+32:e2=5+3:e3=5)=25
and (126:e0 − 42:e1 + 1:e2=5− 1:e3=5)=125 we get respectively:
a2 : 7:A83 − 180:A94 − 275:A95 − 1200:A100 − 2223:A103 − 2660:A104 =−184800:
a3 : 7:A90 + 33:A94 + 44:A95 + 136:A100 + 228:A103 + 266:A104 = 22904:
If A104 = 4 then by Lemma 3 A103 = A100 = A95 = 0 and equation a2 + 7:a3 gives
a contradiction. So A104 = 0. Analoguosly A103 = 0 and A100 = 0. Now the equation
a2+7:a3 gives 7:A83+49:A90+51:A94+33:A95=160328−184800¡ 0, a contradiction.
So a [106; 5; 83]5-code does not exist.
Theorem 9. d5(102; 5)6 79.
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Proof. Suppose there exists a [g5(5; 80) = 102; 5; 80]5-code C. By Lemma 1 and the
Griesmer bound B1 = B2 = B3 = 0. By Lemma 2 and [4] only A80; A90; A99; A100; A101
and A102 can be nonzero. Since q = 5 divides d = 80, it follows by the remarkable
result of Ward [30] that all weights are divisible by q = 5 and so only A80; A90 and
A100 are possibly not equal to zero.
The ;rst three MacWilliams’ identities are:
e0 : A80 + A90 + A100 = 3124.
e1 : 8:A80 − 42:A90 − 92:A100 =−408.
e2 : −184:A80 + 741:A90 + 4166:A100 =−82416.
This system has the unique solution
A80 = 2625; A90 = 490; A100 = 9;
which contradicts that A100 = 0 or 4 by Lemma 3. So a [102; 5; 80]5-code does not
exist.
Theorem 10. There do not exist codes with parameters:
[104; 6; 80]5; [109; 6; 84]5; [114; 6; 88]5; [119; 6; 92]5; [124; 6; 96]5; [129; 6; 100]5;
[109; 7; 83]5; [114; 7; 87]5; [124; 7; 95]5; [128; 7; 98]5; [75; 8; 55]5; [80; 8; 59]5; [124; 8; 94]5;
[75; 9; 54]5; [80; 9; 58]5; [103; 9; 76]5; [107; 9; 79]5; [112; 9; 83]5; [117; 9; 87]5; [122; 9; 91]5;
[127; 9; 95]5; [76; 10; 54]5; [80; 10; 57]5; [89; 10; 64]5; [94; 10; 68]5; [103; 10; 75]5;
[107; 10; 78]5; [112; 10; 82]5; [116; 10; 85]5; [121; 10; 89]5; [126; 10; 93]5; [130; 10; 96]5;
[71; 11; 49]5; [76; 11; 53]5; [80; 11; 56]5; [85; 11; 60]5; [76; 12; 52]5; [80; 12; 55]5;
[84; 12; 58]5; [89; 12; 62]5; [93; 12; 65]5; [98; 12; 69]5; [102; 12; 72]5; [107; 12; 76]5;
[112; 12; 80]5; [117; 12; 84]5; [122; 12; 88]5; [126; 12; 91]5.
Proof. For each of the above codes we solve the respective linear program with the aid
of the well-known simplex method. We used a computer program written by ourselves.
In all of the cases we obtain Lmax ¡ 5k and so the codes do not exist.
Remark. Obviously, not everyone can check the results obtained via LP bound. But
for each code from Theorem 10 we can show (as it is shown in Theorem 7) that the
MacWilliams’ identities have not a solution in nonnegative integers.
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